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‘ Outline

m Generative vs. Discriminative: Revisit

= Bayesian concept learning

= The beta-binomial model

= The Dirichlet-multinomial model

= Naive Bayes classifiers
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‘ Generative vs. Discriminative: Revisit

= Frequentist: 6 seen as fixed
0 e.g., a point estimation 6

= Bayesian: 6 seen as learned
o Given data D, P(6|D) = P(D|@)P(0)
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Generative vs. Discriminative: Revisit

Discriminative models are often frequentist,
and generative models are often Bayesian

a0 — but the two dimensions are orthogonal and can be mixed

Frequentist

Bayesian

Logistic Regression, SVM,

Bayesian Logistic Regression,

Discriminative Neural Nets Bayesian Neural Nets
Generative GMM (with MLE), Naive Bayes, Bayesian GMM,
HMM (with MLE) Variational Bayes models

2025/9/21

Generative Models: Fundamentals and Applications




‘ Generative vs. Discriminative: Revisit

= Goal of discriminative model

0 Learn the conditional distribution P(Y|X; 8)
0 6 often seen as fixed, hence simplifies to P(Y|X)
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‘ Generative vs. Discriminative: Revisit

= Goal of generative model
0 Learn the joint distribution P(X,Y; 0)
» Generative classifier

P(Y=c,x|6)
P(x|0)

P(Y =cl|x,08) =

__ P(Y=c|0)P(x|Y=c,0)
B — Al
ZC,ECP(x,Y—c 16)

class-conditional
distribution

class-prior

distribution — P(Y=C | 0)M>(x|Y=C'9)
ZC,ECP(Y=C’| B)P(x|Y=c',0)

o Key: class-conditional distribution P(x|Y = ¢, 0)
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Outline

Generative vs. Discriminative: Revisit
Bayesian concept learning

I'he beta-binomial model

I'he Dirichlet-multinomial model

Naive Bayes classifiers
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‘ Bayesian concept learning

= Concept learning
0 Provide only the positive examples
0 Learn the meaning of the example

This 1s a cat

4 %
.I‘*.f-'? O O
e ul o g \ %)
pe : j Aa
Ll S
’« Prior: Data: Positive Bayesian update
(e Vague idea examples — Posterior:

Clear definition
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Bayesian concept learning

Concept learning

0 Be equivalent to binary classification

The goal is to learn the indicator function f, determining which elements are in
the set C.

0= 6

Difference: binary classification provides both the positive and negative
examples, while concept learning provides only the positive examples
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‘ Bayesian concept learning

= Bayesian concept learning vs. binary classification

Discriminative Model Bayesian Concept Learning

X Positive examples

% Negative examples
=== Decision boundary % y
xx % xX %
x XX w XX
X X
X x

x Positive examples
Possible hypothesis space
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Example: number game

Given some unknown arithmetical concepts C, such as
“prime number” or “a number between 1 and 10”

Given positive examples D = {x{,x5, ..., x5} € C

Question: the new sample ¥ € C ?

o Learn a basic rule to determine whether the data follows the
unknown arithmetical concepts C
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Example: number game

Suppose D and the test set are from [1,100]
Concept set C is not clear

Four experiments

0 Experiment 1: D = {16}

0 Experiment 2: D = {60}

0 Experiment 3: D = {16,8,2,64}

a0 Experiment 4: D = {16,23,19,20}
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‘ Example: number game

Examples Posterior predictive
distribution P(xX € C|D)

| 11l Ll

[N I I R I A N AT N RO NN SO NN MU
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

16 1

60 1

°‘§4|J.LII

L1
12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

16 8 264 1[
0.5F

0r I I i all

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

16 23 19 20 1[
0.5F

0_

| | [ | ]|

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100
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Bayesian concept learning

Posterior predictive distribution p(X¥ € C|D)

0 Describe the probability that X € C given the data D for any ¥ €
{1,2,...,100}

Question: How to explain the behavior and emulate it in a
machine?
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Bayesian concept learning

Hypothesis space H:

0 Include all possible models or rules for the concept set

0 Eg: odd numbers, even numbers, powers of two, all numbers ending
inj (for0<j<9)

Version space

0 The subset of H that is consistent with the data D

0 As we see more examples, the version space shrinks and we become
increasingly certain about

Eg.D = {16} -» D = {16,8,2,64}
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‘ Bayesian concept learning

= The shrinking of version space

Prior: Broad hypothesis Posterior after some positives (D1) Posterior after more positives (D2)

X Positive examples
Hypothesis space

x x X x X%
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Likelihood

Given D = {16,8,2,64}, which hypothesis is more possible?
1 hyyo = 'pOwWers of two"
0 Nppen, = even number”

Extension of a concept

0 The set of numbers that belong to the concept
o the extension of hyy,, is {2,4,8,16,32,64}
o the extension of h,,., is {2,4,6,...,98,100}
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Likelihood

Strong sampling assumption

0 Assume N examples are sampled uniformly at random from the
extension of a concept.

Likelihood p{D|h}

0 the probability of independently sampling N items (with
replacement) from h that happen to constitute D

1 N
|hl

2025/9/21 Generative Models: Fundamentals and Applications
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Likelihood

Compute the probability P{D|h} ?
o LetD = {16}

p(Dlhtwo) — 1/6
p(Dlheven) — 1/50

o LetD = {16,8,2,64}
p(Dlhs,) = (1/6)*= 7.7 X 1074
p(D|hppern) = (1/50)*= 1.6 x 1077

. . . p(Dlhtwo) —
likelihood ratio: (Dl Payer) 4812.5
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Likelihood

Size principle (Occam’s razor)

0 The model favors the simplest (smallest) hypothesis consistent with

the data
| N 1 N
p(D|h) = Lize(m] - [W]

o Among all hypotheses consistent with D, the fewer data a hypothesis
h covers, the higher its likelihood.
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Prior

Given D = {16,8,2,64}, which hypothesis seems “conceptually
unnatural” ?

1 hyyo = 'powers of two"
hiwo = {2,4,8,16,32,64}
p(Dlhtwo) = (1/6)*
a hg,,, = "powers of two except 32"
hi. = {2,4,8,16,64)
p(Dlhtyo) = (1/5)*
o The likelihood of hyy,, is higher than that of hy,,,
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Prior

Prior

0 Assign low prior probability to unnatural concepts

Eg: given D={1200,1500,900,1400}, classify 400 and 1183 ?

o The numbers are from some arithmetic rule
400 is likely but 1183 is unlikely

0 The numbers are examples of healthy cholesterol levels
400 is unlikely but 1183 is likely

2025/9/21 Generative Models: Fundamentals and Applications

22



‘ Example: what prior to use

= Hypothesis space b

Even numbers mult of 7
Odd numbers mlt of 9

ends in 1

SquareS ends in 2

endsin3

Multiples ofj (3 < j < 10) ends n 4

endsin 5

Endsinj (1 <j<9) e
Powers ofj (2 < j < 10) endsin
powers of 2

All powers of 3

powers of 4
Powers of 2, plus 37 powers of &
powers of 6
wers of 7
Powers of 2, except 32 povers o
powers of 9
powers of 10
all

powers of 2 +{3
powers of 2 — {32

o o 0o 0o o0 o0 o o0 o
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Posterior

posterior = normalization (likelihood times prior)

p(D|h)p(h) p(h)I(D € h)/|h|N

h|D) = =
p(hIP) YowenP(D.N) > cqp(W)UD e )/ |W N

Prior vs. Posterior

o Prior: Without training data, quantify the possibility of each
hypothesis

0 Posterior: Given training data, quantity the possibility of each
hypothesis
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‘ Example

= Given D={16}

0 h="powers of 2”

= Prior

p(h) = 0.025

= Likelihood

p(Dlh) =1/6

= Posterior

multof 9
mult of 10
endsin 1
endsin 2
endsin 3
endsin 4
endsin5

data =16
35 I

30

25

20

15

35

30

20

15

p(h|D) = p—

0.0042
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data =16
T 35

‘ Example :

squares
mult of 3
mult of 4

= From the results, we learn mutof

mult of 6

o The hypothesis with the ot 8

highest posterior is "powers mutof 10

endsin 1

Of 4" endsin 2

endsin 3

30 30

rrﬁ
= i

25

20

20 - —

endsin 4

o Prior and likelihood jointly endsin5

endsin 6

determine the posterior endsin 7

15

1

15

o Even if the prior is large, if the o0
likelihood is too small, the ——
posterior can still be small powers of

o And vice versa bowers of &

=
—
F
10 [ o [
=

powerg of 2 + {37}
powefs of 2 — {32}

| | 0 | | 0 |
2025/9/21 Generative Models: Fundamerftals and®pplicatfohd {I]f 040 0.2 0.4
prior i post




‘ Example

» Given D={16,8,2,64}
o Five possible hypothesis

35

data=16 8 2 64

T 135

odd
squares
mult of 3
mult of 4
mult of 5
mult of 6
mult of 7
mult of 8
mult of 9
mult of 10
endsin 1
endsin 2
endsin 3
endsin 4
endsin 5
endsin 6
endsin7
endsin 8
endsin 9

30

25

20

15

30

20

15

powers of 2

powers of 10

powers of 3
powers of 4
powers of 5
powers of 6
powers of 7,
powers of 8
powers of 9

10

all

powers of 2 + {3
powers of 2 — {32

= .

I L) U
2025/9/21 Generative Models: Fundameftals and®A pplicafon® 1 2 0 0.5
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‘ Example

» Given D={16,8,2,64}

d

h="powers of 2”
= Prior

p(h) = 0.025
= Likelihood

even
odd
squares
mult of 3
mult of 4
mult of 5
mult of 6
mult of 7
mult of 8
mult of 9
mult of 10
endsin 1
endsin 2
endsin 3
endsin 4
endsin 5
endsin 6

p(D|h) = 0.77 X 1073

endsin7
endsin 8
ends in 9

35

30

25

20

15

data=16 8 2 64

—30

_25 — —

—20

35

15 -

= Posterior

powers of 2

powers of 3
powers of 4

0.019 x 1073
p(h|D) =

sSsum

Q
p—

powers of 5
powers of 6
powers of 7
powers of 8
powers of 9
powers of 10

all

10

10 ]
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Example

Result:

0 Assigning small priors to unnatural hypotheses helps avoid
overfitting the data

a0 When |D] is sufficiently large, p(h | D) will peak at a single
hypothesis (reach its maximum)

o Taken as the optimal hypothesis
0 Take-away:

Prior prevents overfitting, and more data changes likelihood which sharpens the
posterior to the true hypothesis.
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‘ Example

Step 1: Hypothesis space

Step 2: Version space after data

Version Space

[ ——
- -~ -~

Step 3: Posterior update

Version Space

2025/9/21
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Summary of Concepts

Hypothesis space: the set of all possible hypotheses (concepts)
Hypothesis: a specific member or concept of the hypothesis space
Version space: the subset of hypotheses consistent with observed data
Extension: the set of samples that satisty a given hypothesis

Prior: initial belief or bias over hypotheses before seeing data

Likelihood: probability of observing the data given a hypothesis (sampling
from its extension)

Posterior: updated belief about a hypothesis after observing data
Optimal hypothesis: the hypothesis with the highest posterior probability

2025/9/21 Generative Models: Fundamentals and Applications 31



‘ Posterior

= MAP (Maximum a Posteriori) estimate

xp(h|D
max p(h|D) TN

t
Mode = Mean = Median
(b) Symmetric

0 It simply finds the posterior mode M\

Mean —T! T\/"\ode /V\ode‘T [L/"\ean
7 ﬂ_ff A P _ ) R Median Median
’l [/ - arg,]-]:]-(:l'}* h p ( ‘ZE | D) (@) Skewed to the Left (c¢) Skewed to the Right
(Negatively) (Positively)
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‘ Posterior

= MAP estimate

o Note:

p(D|h)p(h)

h|D
ID( ?‘ ) Zh;EH I)(’Dj h-f)

J

WMAY = argmax p(D|h)p(h) = argmax [log|p(D|h)|+ log p(h)]

h h

= The log-likelihood grows linearly with the number of elements N.

= When N is sufficiently large, MAP is dominated by the log-likelihood and
becomes almost independent of the log-prior.

2025/9/21
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Posterior

MLE (Max-likelihood Estimation)

o Choose 6 that maximize the likelihood of the observed data

EHMLE = arg mf}a.xp(ﬂ | 5"}

o For MAP, it we have enough data, we see that the data overwhelms
the prior. In this case, the MAP estimate converges towards the MLE

Oprap = arg maxp(D | 0)p(6)
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‘ Posterior

101

0.8}

Relative influence

0.2}

0.0

0.6

0.4}

MAP vs. MLE: Effect of data size

Small data: lVIAP
(Prior matters)

- Prior influence

arge data: MAP ==L jkelihood influence
(Data dominates)

0 20 40 60 80 100

Sample size N

2025/9/21
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Posterior

If the true hypothesis is in the hypothesis space
o0 The MAP estimate will converge upon this hypothesis.

If our hypothesis class is not rich enough to represent the
“truth”

o Converge on the hypothesis that is as close as possible to the truth

2025/9/21 Generative Models: Fundamentals and Applications
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Posterior predictive distribution

= Posterior predictive distribution

p(z|D Zp (h|D)p(z|h, D) Zp (h|D)p(

heH heH

0 Consider p(h|D) as a kind of weight

2inese P(R|D) =1
0 a weighted average of the predictions of each individual hypothesis
= Bayes model averaging (BMA) method
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Example

D = {16)

Top:
Bottom-left:

p(X|D)
p(X|h)

Bottom-right: p(h|D)

Optimal
Hypothesis

7

0.5
0
12 16 20 24 28 32 36 40 44 48 52 56 60 [64] 68 72 76 80 84 83 92 96 100
powers of 4 — L L
powers of 2 |— @18 L ® ®
ends in 6 L L @ L L » L L L
squares @ @ @ @ @ @ @ 9

even

mult of 8

mult of 4

all

powers of 2 — {32}

powers of 2 + {37}

2025/9/21

0 0.5 1

p(h|16)
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Example

» Given D={16,8,2,64}

0 The posterior for the
hypothesis “powers of 2”
is close to 1

pEID) = ) p(AIDIP(EIN)

heH

— z 5EMAP(h) p(X|h)

heH

Q

p(%|hMAP)

2025/9/21 Generative Models: Fundameftals and®A pplicafon® 1
prior

even
odd
squares
mult of 3
mult of 4
mult of 5
mult of 6
mult of 7
mult of 8
mult of 9
mult of 10
endsin 1
endsin 2
endsin 3
endsin 4
endsin 5
endsin 6
endsin 7
endsin 8
endsin 9

data=16 8 2 64
35 T

30

20

Optimal

15

35

30

25

20

15

powers of 2

powers of 3
powers of 4
powers of 5
powers of 6
powers of 7
powers of 8
powers of 9
powers of 10

all

powers of 2 + {37

powers of 2 — {32
]

10

lik

x 10

0.5
post
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Posterior predictive distribution

Plug-in approximation

o If we have “figured things out”, posterior becomes a delta function
centered at the MAP estimate

p(EID) = > p(RIDIpGIR)

heH

~ p(%|hMAP)

2025/9/21 Generative Models: Fundamentals and Applications
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Posterior predictive distribution

BMA vs. plug-in (MAP)
a0 Sample space by MAP: from narrow to wide
a For a single hypothesis

0 As training data increases, the sample space generated by the MAP-
selected hypothesis expands

o Example

D = {16} :the optimal hypothesis is "powers of 4", generated samples
{41664}

D = {16’ 8 2’ 64} :the optimal hypothesis is "powers of 2", generated samples
{2248 1632 64}

2025/9/21 Generative Models: Fundamentals and Applications
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Posterior predictive distribution

BMA vs. plug-in (MAP)
0 Sample space by BMA: from wide to narrow
o For the entire hypothesis space

0 As training data increases, some hypotheses are assigned weight 0,
so the effective sample space shrinks

o Example

D = {16} :many hypotheses are consistent with the data

D = {168 2’ 64} :fewer hypotheses remain consistent with the data,
inconsistent ones have weight 0

2025/9/21 Generative Models: Fundamentals and Applications
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' A more complex prior

= Mixture of several priors

o E.g., in number game

" Drules: arithmetical concepts

" Dinterval: iINtervals between n and m

p(h) = Topryles(7) + (1 — 7o) Pinteryval (7))

2025/9/21
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' A more complex prior

= Arithmetical concepts only

IIJ 11

Examples
16 r
0.5+
0 —
| | | | | | | | | | |
60 r

ESIVEINET

4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

16 8 264 [

|
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

16 23 19 20 1T
05k

=

|
4 8 12 _16_20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

| nn | |

!
4 8 12 16 20 24 p8 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100
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' A more complex prior

= Arithmetical concepts + intervals between n and m

Examples

JJJJ[IIIIIIIILIILI_Ll_n L .l

L
4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100

) OéJJ.IJIhuJJLLIJlIllJLUJ | 1

4 B 12162024283236404448525660646872768084889296100

o

16 8 264 [

16 23 19 20 [
05

0

[
4 8 1k162024‘83236404448525660646872768084889296100
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Outline

G

enerative vs. Discriminative: Revisit

Bayesian concept learning

Tl

he beta-binomial model

T]

he Dirichlet-multinomial model

Naive Bayes classifiers
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‘ The beta-binomial model

= Continuous case
o Unknown parameters are continuous

o Hypothesis space is (some subset) of R
= K is the number of parameters

0 Replace sums with integrals

= [Posterior p(D|h)p(h)
p(h‘pj — /
> v en 1D 1)

= Posterior Predictive Distribution

p(E|D) = p(h|D)p(E|[h, D) =Y  p(h|D)p(

heH heH

2025/9/21 Generative Models: Fundamentals and Applications
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The beta-binomial model

Example: coin toss
0 Toss coins N times
0 N; times head up, and Ny = N — N; times tail up

o Suppose x;~Ber(8),i =1, ...,N
x; = 1: head up
x; = 0: tail up
6 € [0,1]: rate parameter (probability of heads)

2025/9/21 Generative Models: Fundamentals and Applications
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‘ Likelihood

= Suppose the data xq, x5, ..., xy are i.i.d.

p(D|#) = 0N (1 - 0)™°

0 Sufficient statistic: it captures all the information in the data about
the parameter 6

f\'rl — Zil ]I(JL;; — 1)

No =S I(a; = 0)

2025/9/21 Generative Models: Fundamentals and Applications



The beta-binomial model

Suppose N; is a random variable
2 N,~Bin(N, 6)

Bin(N,|N, 8) = ( ]I\y ) oN1(1 — g)N M
1

0 The likelihood for the binomial sampling model is the same as the
likelihood for the Bernoulli model

2025/9/21 Generative Models: Fundamentals and Applications



‘ Prior

= The prior has the same form as the likelihood

a0 Likelihood | »(Dle) = 6% (1 —g)N

a Prior, assume in the form of

p(f) oc @71 (1 —6)72

0 Hence, posterior |r(0ID) « p(DI6)p(0) = 6™ (1 —0)" 067 (1

= 9)72 — HN1+’Y1(1

_ H)No+'m

0 Conjugate prior

= the prior and the posterior have the same form

Beta(f|a, b) o

9{1—1(1 . 9)5—1

2025/9/21 Generative Models: Fundamentals and Applications

51



‘ Posterior

= Multiply the likelihood by the beta prior

p(0|D) o Bin(Ny|Ny + Ny, 8)Beta(b|a, b)

x Beta(#

AN'Tl —|— a. A,'TO —|— b)

2025/9/21
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‘ Example

(a) With a relatively weak prior, the posterior is very close to the
likelihood, as the data overwhelms the prior.

(b) With a stronger prior, the posterior becomes a compromise between
the prior and the likelihood.

[ 45-

—— prior Be(2.0, 2.0) /> [—=prior Be(5.0,20)
== unlik Be(4.0, 18.0) af s\ [===slik Be(12.0,14.0)
o o - —-posi Be(5.0, 19.0) £ T+ [-—-post Be(16.0, 15.0)
'-' I“\. ast ] o
A
i a0 Ak
R \.
a A 25
‘R .
0 W\
2 i '-.\. 15
e w1\
.',' - 1
ikl W
i "\ e
‘f '_:\
0 St . o
[1] 01 0z 0.3 04 05 06 [ 0B 0a 1 [1] 01 . . . I
(a) (b)

Figure 3.6 (a) Updating a Beta(2, 2) prior with a Binomial likelihood with sufficient statistics N1 =
3,No = 17 to yield a Beta(519) posterior. (b) Updating a Beta(5 2) prior with a Binomial likeli-
hood with sufficient statistics N1 = 11,No = 13 to yield a Beta(16, 15) posterior. Figure generated by
binomialBetaPosteriorDemo.
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‘ Posterior

= MAP estimate

Beta(a, b): mode =

a_
a+b—-2

1

mgxp(@ﬂ)) « Beta(@|N; + a, Ny + b)

—>
= MLE

Orrap =

a+N1—1

a+N, +b+Ny—2 a+b+N—2

G—I—Nl—l

0 If the prior is uniformly distributed (a=

OvLE =

N,
N

b=1)

2025/9/21
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‘ Posterior

=2
Beta(a, b): mean = —

= Posterior mean

G,—|—N1 a+N1

é: _
a+N+b+Ny a+b+ N

0 Let ay = a + b, and let the prior mean m; = %/4,

agmy + Ny g N N -
E[9|D] = - m — A + (1 — M)y,
917) N + ag Ntag ' T Ntag N T ( JmLe
a
where 1 = —°
N+C¥0

0 Result: the posterior mean is convex combination of the prior mean
and the MLE

2025/9/21 Generative Models: Fundamentals and Applications



Posterior

Equivalent sample size of the prior g = a + b

Betﬂ.(f)\a. b) X 9(-!—1(1 _ 9)5—1

Equivalent sample size of the posterior N + «,

p(0|D) o< Beta(#|Ny + a, Ng + b)

Ratio of the prior to posterior equivalent sample size A
o The smaller 4, the closer the posterior mean is to the MLE
o The smaller 4, the closer the posterior mode is to the MLE

2025/9/21 Generative Models: Fundamentals and Applications
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‘ Posterior

= Posterior variance

Beta(a,b): var =

ab

(a+b)?(a+b+1)

var [0|D] =

(a -+ :\Tl)(b -+ i\'r[;.)

(a+ N1 +b+ Ng)?(a+ N1 +b+ No+ 1)

alf N>a,b

Var|0|D| ~

N1 Ny

éMLE(l — éMLE‘)

N2N

N

» The variance is maximized when 8,,;,z = 0.5

» The variance is minimized when 8,y = 0, 1
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‘ Posterior

Posterior Variance vs. MLE Estimate

0.005

0.004

0.003

0.002

Posterior Variance

0.001

0.000} ¢ —-—- Max variance at 0.5

1 1 ]
0.0 0.2 0.4 0.6 0.8 1.0

eMLE

2025/9/21 Generative Models: Fundamentals and Applications

58



Posterior predictive distribution

= Generate one data BMA

/

p(Z =1|D) = [, p(% = 1|16)p(6|D) d6

= fol 0 Beta(@|N; + a, N, + b) d6

= E[6]D]

| Posterior mean
_ N1+a
~ N+a+b

2025/9/21
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Posterior predictive distribution

Overfitting and the black swan paradox

0 Zero count problem or the sparse data problem

2025/9/21

Suppose the sample size is very small,
a0 Eg,N=3, N, =0
Suppose we use plug-in the MLE

A 0
a HMLE=§=O

Result: heads are impossible.
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Posterior predictive distribution

= Overtitting and the black swan paradox

0 Bayes theorem: Laplace’s rule of succession

= Suppose the prior is uniform on [0,1]

N Ni+1 Ni+1
p(F = 1D) = a+Ny Nyp+ 1 1+

a+b+N N+2 N +1+Nyg+1

= Add-one smoothing: Beta(1, 1)

2025/9/21
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Posterior predictive distribution

Generate multiple data: beta-binomial distribution
o Predict the number of heads, x, in M future trials

2025/9/21

1

p(x|D, M) = f Bin(x|M, 0) Beta(6|N; + a,Ny + b) db
0

M 1 ! _ _ _
— 0% (1 —6 M x9N1+a 1 1—0 No+b-1 do
(x)B(N1+a,N0+b)f0 (1-0) (1-10)

:(M)B(x+N1+a,M—x+N0+b)
X B(N1+a,N0+b)

— Bb(XlNl + a,NO + b,M)
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Posterior predictive distribution

= beta-binomial distribution

0 Mean

0 Variance

Ny +a
N+a+b

E[x|D] =M

M(N, +a)(Ny+b) N+a+b+ M

Var|x|D] = (N+a+b)? N+a+b+1

2025/9/21
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‘ Experiment

= Bayesian prediction has longer tails, spreading its probability mass more
widely, and is therefore less prone to overfitting and black swan type

paradoxes
Ny =3,Ny =17 Beta(2,2) prior
035 posterior predictive 035 plugin predictive

0.25+ 0251

D2t ook
0151 015

0ar o1k

0.05F 0.05F
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‘ Outline

= Generative vs. Discriminative: Revisit
= Bayesian concept learning
= The beta-binomial model

m The Dirichlet-multinomial model

= Naive Bayes classifiers
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‘ The Dirichlet-multinomial model

= Example:

0 Infer the probability that a dice with K sides comes up as face k
0 Given D = {xq, Xy, ..., x5 |x; € {1,2, ..., K}}
= Likelihood

where k=1
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‘ The Dirichlet-multinomial model

= Prior: conjugate prior

= Posterior

Dir(0|la) = A (g € Sk)

||,’:]N

p(0|D) x p(D|0)p(0)

ﬁx

K
eNk H 0o+ (0 € S)

k=1

N, -1
S
k=1

x Dir(0|Ny + ay, No + ag, -+, Ng + )

=

2025/9/21
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‘ The Dirichlet-multinomial model

= MAP estimate

B N +ap —1
- N+4+ag—K

Ok

where

A K
ag = ) p—1 Ok

= MLE: uniform prior

Ox = Ni,/N

2025/9/21 Generative Models: Fundamentals and Applications



‘ The Dirichlet-multinomial model

= Posterior predictive

pX =iD) = [ p(X = jloy(er)ds

— /p(X = j|6;) [/P(H—j-ﬁjp)de’—j d;

Cl:j + f\rj B Oij -+ ﬂ'rj
Zk(ak + Ng) ag + N

_ / 0,p(0;|D)d0; = E [0;|D] =

where 6_; are all the components of 8 except 6
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‘ Beta-Binomial vs. Dirichlet-Multinomial

Beta-Binomial Model

Dirichlet-Multinomial Model

Task scenario

Binary classification (coin toss: head/tail)

Multi-class classification (dice roll:
1,2,...,.K)

6 = (01’ ... Bg) ,class probabilities, Y} O

Parameters 6 € [0,1] :probability of “head” — 1
Prior Beta distribution: Beta(8|a, b) Dirichlet distribution: Dir(8|ay, ..., ag)
Likelihood Binomial: Bin(Ny|N, 6) Multinomial: Mult(Ny, ..., Ng|N, 6)

. : . : : : Dirichlet is the conjugate prior of
Conjugacy Beta is the conjugate prior of Binomial Multinomial
Posterior 0 | D ~ Beta(a + Ny,b + Ny) 0| D ~ Dir(ay + Ny, ..., ag + Ng)

Posterior predictive

a+ Ny
~=1 D =
p(x | D) a+b+ N

Intuition

“Pseudo-counts”: a — 1 heads, b — 1 tails

“Pseudo-counts”: aj, — 1 for each class,
total g — K

2025/9/21
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Outline

Generative vs. Discriminative: Revisit
Bayesian concept learning

I'he beta-binomial model

I'he Dirichlet-multinomial model
Naive Bayes classifiers
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Naive Bayes classifiers

Classity vectors of discrete-valued features to C classes
X = (x1,%X9, .., xp) € {1,2,..., K}’

o Kis the number of values for each feature

o D is the number of features

o0 Compute the probability P(Y = c|x,0)
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‘Naive Bayes classifiers

= Generative model, revisit

0 Key: learn class-conditional density P(x|Y = ¢, 6)

P(x,Y=c| 0)

P(Y =c|x,0) = P x0)

P(x,Y=c| 0)

Yo PxY=C'|6)

P(Y=c|OB)P(x|Y=c,0)

Yoo P(r=c'|0)P(x|y=c’6)

class-conditional
distribution

2025/9/21
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Naive Bayes classifiers

Assumption: the features are conditionally independent
given the class label

D
p(x|y =c.0) = || plxjly = c.0c)
71=1

o Even if the naive Bayes assumption is not true, it often results in
classifiers that work well

The model is quite simple (it only has O(CD) parameters, for C classes and D
features)
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‘Naive Bayes classifiers

= In the case of binary features x; € {0,1}

0 Multivariate Bernoulli naive Bayes
0 Use the Bernoulli distribution

D
p(xly =¢,0) = szl Ber(x;|itjc)

= Uj is the probability that feature j occurs in class c
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‘Naive Bayes classifiers

= In the case of categorical features xj €{1,...,K}

0 multinomial Naive Bayes

0 Use the multinomial distribution

D |
P(?{ly — C,@_) — Hj:l (‘”ﬂ't(xﬂ”jc)

= Ujc is a histogram over the K possible values for x; in class c.

2025/9/21
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‘Naive Bayes classifiers

= In the case of real-valued features:
0 Gaussian Naive Bayes
0 Use the Gaussian distribution

D
p(x|ly = ¢,0) = Hj:l N(J'j‘ﬁ"jc-g?c)

= Ujc is the mean of feature j in objects of class ¢

= ajzc is the variance of feature j in objects of class c

2025/9/21 Generative Models: Fundamentals and Applications



‘Model fitting

= How to “train” a naive Bayes classifier
o MLE
0 MAP estimate

0 Bayesian estimation
= Compute the full posterior p(6|D)
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MLE for NBC

The probability for a single data (X;,y;)

pexoyil0) = pilm) | [ p0eylyi.0)

J
_ 1_[ 7 10i=0) 1_[ 1_[ p(xijlgjc)ﬂ(yFC)
C j C

o 1: the parameters for class prior
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'MLE for NBC

= The probability for data set D

N

p(D|6) = l l(l lncﬂ(yi=6) Hl_[p(xijlejc)ﬂ(yz:@)

l

1

= The log-likelihood for data set D
C D C
10%’})(D|9) — Z Nelog e + > P > p > P lng(;{fij ‘gjc)
c=1 1=1 =1 i:y;=c
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'MLE for NBC

= The log-likelihood for data set D

o the class prior (uniform distribution)

0 Suppose all features are binary

A N.
ﬂ-c ==
N
/ic — a7
.LI-\I c

2025/9/21
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‘ Bayesian naive Bayes

= Trouble for MLE: overfitting

= Solution: Bayesian estimation

P(8)P(D|6)

p(6|D) =

[, P(8)P(DI6") d6b’
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‘ Bayesian naive Bayes

= Prior

a 1: Dir(a) prior
0 6;.: Beta(By, f1) prior

= Specialcase:a =1, =1
0 Add-one or Laplace smoothing
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‘ Bayesian naive Bayes

= Posterior

p(0|D) o< p(#)p(D|H)

_ {p(w) 11 Hp(ejc)} 11 { [H ?Tg(yi:c)] [H H Ber(x:,

j=1c=1 7

N D C N
= {p(ﬁ) H H TE(“:C)} H H {p(é)jc) H Ber(z;; |930)]I(%_0)}
1=1 e=1 =1 e=1 =1
C D é‘
_ {Dir(az) I] wfc} 111 {Beta(dg B)(1 — 6,)N
c=1 j=1c=1

D C
o Dir(Ny +ay, Ny ag, -+, Ne +ac) | | ] | Beta(n

=1 c=1

— N+ Bo, Nje + 1)
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‘ Bayesian naive Bayes

= Posterior

0 Posterior mean

p(0|D)

p(m|D)
p(0c|D)

j'_
= Dir(Ny +ay...,N¢ +ac)
= Beta((N. — Nj.) + 50, Nje + 1)

D C
— p(x|D) [T [ p(6s/D)
=1 =1

Hjc

f\'rjc + 54 _ N. + a,

N, + Bo + 51 N + ag

2025/9/21
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Bayesian naive Bayes

MAP estimate

B A’Tc —+ Xp — 1 9’\ B A-’Tj ¢ —+ 3 1 — 1
N N + (g — C” e A-"TC + 31 + 31 — 2

ﬂ'-'h

c

0 The MAP estimate can be directly computed by combining prior
counts with empirical counts.

0 Very simple to implement, with low computational complexity, and
easy to extend.
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‘ Using the model for prediction

= Predict the label y for new data x

ply = clz, D

) X ply = ¢|D)p(x|y =

D
p(y = ¢|D) Hp vj|ly = ¢. D)

J=1

0 Bayesian procedure

ply = cla, D

) X /ﬂp(y = c|m)p(7|D) d:fr} ﬁ {/ plajly = ¢, b0;) (9j0|D)d9jc}

0

J:_I_ Jc

D
/Cat(y = c|m)p(7|D)d ti| H {/ Ber(z;|y = ¢, Qjc)p(9j0|D)d9jc}
oy 0;c

J=1

2025/9/21
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‘ Using the model for prediction

= Rewrite the prediction probability

D
[ _ l o — _
ply = |z, D) x _/ch(ﬂD)d?T_ H /9 ng 1)(1 —f,,)H 0)p(9jclp)d9jc-

j:]_ i jC

/ /

T4 Aiip (| D) 0;c" ™Y (1 = 0;0)" =0 T4 1
1 HAEE p(0;c|D) HIHIHE
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‘ Using the model for prediction

= Plug in the posterior mean parameters

D
ply = G‘X, D) o« 7. H(-ﬁjc)ﬂ(%zn(l — gjc)ﬂ(%:o)
j=1
_ Ne+a, - N;. + B
e = 0 '

T N4ag ° N+ B+ B

2025/9/21
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‘ Using the model for prediction

= Plug in the point estimate: MLE or MAP

D
ply = c|z.D) < ply = ¢|D) | | plz;ly = ¢. D)

J=1

- _J.I-Il\llj c
ﬂ-C — Hjc — :.\‘Er'

2025/9/21

Generative Models: Fundamentals and Applications

90



‘ Using the model for prediction

= Classifier

y= f*(z) = arg maxp(y =c|X = 2,D)

c=1,2,---.C

"“]Ix—l
—E—lIGIl]aX’JTC | | 6’(:’
c=1,2,-

.ﬁ‘\.

C)]I(TJ—O)
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Example

LGSR M TR RN, Hd, XMW e {1,2,3},
x@ € (S, M, LYRIHE, Y € {—1,1} %550

1 |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15
XO1 (1 (1 |1 [1 |2 |2 [2 |2 |2 3 |3

xS |M |[M |S |S M |[M |L |L

Y [-“1 |1 (1 [1 |1 |1 (1|1 |1 [1 [1 |1 [1 [1 |-

AR 5 45 2 Y Zr B0 27
Khrid.

i R8s i Ex = (2,91
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Example

MLE

o 1H& class prior

N1=9
N_1:6
N =15

0 Wb =p(XY = k|Y =)

2025/9/21

5 ~Niga
1,1,1 N,

A _Nogg
2,1,1 N,

A N3 11

31,1 — Wierati\;

_ N_, 6

1Ty T 15

. N9

A T
£ é\521—1\15'21—
9 o Ny
3 A _ Nyp2a
5 M21 = N,
4 ~ Nrz1

9L21=—:

h@dels: Fundamentals and 'Applicatioxlv 1
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‘ Example

Q ‘+kﬁ:é\k,jlc

Nig—1 3 A _ Ngp1
N, 5 52,1 = N_,

Nyi-1 2 A _ Nyz—1
N 5 M2-17 TN

N3i-1 1 5 Nip2-1
N, 5 L2-1 =TT T

2025/9/21
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Example

o Fillp (Y = c¢|x, D)

A 1(x®=2), 1(x@=s)

p(Y = 1|(2»S)T:D) X 7T1(92,1,1) (95,2,1)
_ 92,3 ,1_1
TR R i

R . i X(1)=2 R H(X(2)=S)
p(Y = —1|(2;S)T;D) X 7T—1(92,1,—1) ( )(95,2,—1)

6 3

2
— X =X= —_
6

15 6 15

P LA (2, §) T T ) AR 28 -1
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‘ Example

= Bayes estimation
o 1H& class prior

N1=9
N_1=6
N =15

Ny +1 7
1T N+2 17
_ N;+1 10

" N+2 17

2025/9/21
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Example

Bayes estimation
0 WO =pXV =k|Y =)

Nyji+1 3

g, . . —
111 Ny +3

_ Nyi,+1 4
92’1’1 - N, +3 -

1
— _ N3’1,1 + 1 _ 5
03,11 = N, +3

2025/9/21

~ Ngp1+1 2
O5,21 = N,+3 12
— Nyg1+1 5
O 21 = N,+3 12
~ Ny, +1 5
OL21 = N,+3 12
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Example

Q I}l_‘kﬁék,j,c

‘91,1,—1 —
92,1,—1 —

93,1,—1 —

2025/9/21

Nij—1+t1 4 7 _Nep1+1 4
N,+3 9 2717 N, +3 9

Nap-1+1_3 7 _Nyp-1t+t1 3
N,+3 9 M2=17 N_;+3 9

N3;_4+1 2 _  Nppa+1 2
N.,+3 9 O12-1= N.+3 9
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Example

o Fillp (Y = c¢|x, D)

= 1(xW=2), = I(x@=s
p(Y = 1|(2;S)T;D) o 7T1(02,1,1) ( )(85,2,1) ( )

=2 2 200327
17 12 12

= 1(xWM=2), = 1(x(® =s)
p(Y = -1((2,5)",D) x 7T—1(92,1,—1) (95,2,—1)

=L x3x2=0.0610
17 9 9

P LA (2, §) T T ) AR 28 -1
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Summary

Bayesian concept learning

In discrete hypothesis spaces, update hypothesis posterior using Bayes’ rule
MAP estimation: select the hypothesis with the highest posterior probability

Parametric Bayesian estimation

Beta-Binomial model: extend parameter estimation to the binomial case
Dirichlet-Multinomial model: further extend to the multinomial case

Provides a unified framework from discrete to continuous distributions

2025/9/21 Generative Models: Fundamentals and Applications 100



Summary

Naive Bayes classifiers

Generative modeling: estimating class-conditional distribution p(x | y)
To simplify, conditional independence assumption

Parameter estimation in Naive Bayes

Point estimates: MLE / MAP — simple and efficient

Bayesian Naive Bayes: keep full posterior distribution over parameters
0 In prediction, often approximated by posterior mean or MAP for tractability

Key message

Naive Bayes combines Bayesian parameter estimation with generative inference;
Achieves simplicity (O(CD)) and robustness (priors avoid overfitting)
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Thanks!

Questions?



	Slide 1: Generative Models: Fundamentals and Applications   Lecture 2:  Generative Models for Discrete Data
	Slide 2: Outline
	Slide 3: Generative vs. Discriminative: Revisit
	Slide 4: Generative vs. Discriminative: Revisit
	Slide 5: Generative vs. Discriminative: Revisit
	Slide 6: Generative vs. Discriminative: Revisit
	Slide 7: Outline
	Slide 8: Bayesian concept learning
	Slide 9: Bayesian concept learning
	Slide 10: Bayesian concept learning
	Slide 11: Example: number game
	Slide 12: Example: number game
	Slide 13: Example: number game
	Slide 14: Bayesian concept learning
	Slide 15: Bayesian concept learning
	Slide 16: Bayesian concept learning
	Slide 17: Likelihood
	Slide 18: Likelihood
	Slide 19: Likelihood
	Slide 20: Likelihood
	Slide 21: Prior
	Slide 22: Prior
	Slide 23: Example: what prior to use
	Slide 24: Posterior
	Slide 25: Example
	Slide 26: Example
	Slide 27: Example
	Slide 28: Example
	Slide 29: Example
	Slide 30: Example
	Slide 31: Summary of Concepts
	Slide 32: Posterior
	Slide 33: Posterior
	Slide 34: Posterior
	Slide 35: Posterior
	Slide 36: Posterior
	Slide 37: Posterior predictive distribution
	Slide 38: Example
	Slide 39: Example
	Slide 40: Posterior predictive distribution
	Slide 41: Posterior predictive distribution
	Slide 42: Posterior predictive distribution
	Slide 43: A more complex prior
	Slide 44: A more complex prior
	Slide 45: A more complex prior
	Slide 46: Outline
	Slide 47: The beta-binomial model
	Slide 48: The beta-binomial model
	Slide 49: Likelihood
	Slide 50: The beta-binomial model
	Slide 51: Prior
	Slide 52: Posterior
	Slide 53: Example
	Slide 54: Posterior
	Slide 55: Posterior
	Slide 56: Posterior
	Slide 57: Posterior
	Slide 58: Posterior
	Slide 59: Posterior predictive distribution
	Slide 60: Posterior predictive distribution
	Slide 61: Posterior predictive distribution
	Slide 62: Posterior predictive distribution
	Slide 63: Posterior predictive distribution
	Slide 64: Experiment
	Slide 65: Outline
	Slide 66: The Dirichlet-multinomial model
	Slide 67: The Dirichlet-multinomial model
	Slide 68: The Dirichlet-multinomial model
	Slide 69: The Dirichlet-multinomial model
	Slide 70: Beta-Binomial vs. Dirichlet-Multinomial 
	Slide 71: Outline
	Slide 72: Naive Bayes classifiers
	Slide 73: Naive Bayes classifiers
	Slide 74: Naive Bayes classifiers
	Slide 75: Naive Bayes classifiers
	Slide 76: Naive Bayes classifiers
	Slide 77: Naive Bayes classifiers
	Slide 78: Model fitting
	Slide 79: MLE for NBC
	Slide 80: MLE for NBC
	Slide 81: MLE for NBC
	Slide 82: Bayesian naive Bayes
	Slide 83: Bayesian naive Bayes
	Slide 84: Bayesian naive Bayes
	Slide 85: Bayesian naive Bayes
	Slide 86: Bayesian naive Bayes
	Slide 87: Using the model for prediction
	Slide 88: Using the model for prediction
	Slide 89: Using the model for prediction
	Slide 90: Using the model for prediction
	Slide 91: Using the model for prediction
	Slide 92: Example 
	Slide 93: Example
	Slide 94: Example
	Slide 95: Example
	Slide 96: Example
	Slide 97: Example
	Slide 98: Example
	Slide 99: Example
	Slide 100: Summary
	Slide 101: Summary
	Slide 102: Thanks!

